In this article we present the notions of adjoint differential expressions for fractional-order differential expressions, adjoint boundary conditions for fractional differential equations, and adjoint fractional-order operators. These notions are based on new formulas obtained for various types of fractional derivatives. The introduced notions can be used in many fields of modelling and control of real dynamical systems and processes.
INTRODUCTION
Adjoint differential operators play an important role in many fields of mathematics and its applications in various fields, including mathematical physics and control theory. In this article we present a consistent extension of the notion of adjoint operators for the case of fractional-order differential operators. For simplicity, we reduce this presentation to Riemann-Liouville and Caputo derivatives and give only basic formulas that are necessary for obtaining similar results in case of other types of fractional derivatives. More general results will be published elsewhere.
SOME BASIC DEFINITIONS
Left-sided Riemann-Liouville derivatives are defined as follows [1] :
(1) Another definition of the left-sided fractional derivative was introduced by [2] :
Relationship between the left-sided Riemann-Liouville and the left-sided Caputo fractional derivatives has been discussed by [1] .
Inspite of the remark made by [1] , the definition of the rightsided Caputo derivative did not appear in the literature until very recent works by Agrawal [3, 4] The right-sided Caputo derivative is defined by analogy with the right-sided Riemann-Liouville derivative: 
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The Riesz potential [1, 5] (sometimes it is written with a factor of [2 cos(πα/2)] −1 in the right hand side)
is the sum of the left-sided and the right-sided RiemannLiouville fractional integrals:
Based on this, we can consider the fractional Riesz derivative: (6) and we can also introduce the fractional Riesz-Caputo derivative:
BASIC INTEGRATIONS BY PARTS
In the subsequent sections we will need the two basic formulas for integration by parts. The first one is the formula known for fractional integrals [6] :
Due to an analogy with the classical formula for integration by parts, the formula (8) is called fractional integration by parts.
Besides this, we will need also the classical formula for repeated integration by parts, which, under the assumption that that the functions w(t), y(t), and z(t) are k times continuously differentiable, is
CASE OF THE LEFT-SIDED RIEMANN-LIOUVILLE DERIVATIVES
, and taking into account definition (1), the equation (9) takes the form:
Applying the formula (8) to the integral in the right-hand side gives:
where we recognize the right-sided Caputo derivative of order k − α (3). If k = 0, we obtain the known fact that left-sided and right-sided Riemann-Liouville fractional integrals are adjoint [7] .
Note that in the left-hand side we see the left-sided RiemannLiouville derivative, and in the right-hand side there is the rightsided Caputo derivative.
EXAMPLE
Let us start with a simple example or two-term fractional differential expression, which (for various λ and w(t)) frequently appears in applications and in sample studies, and which provides the quick preview of the notions introduced in the subsequent sections.
Assuming that 0 < α < 1 and that functions f and g are good enough, and using the formula (12) we obtain:
where
. The fractional differential expression l * (g) is adjoint to the fractional differential expression l( f ).
In this example 0 < α < 1, so we can consider one condition on the function f (t) at the boundary of the interval [a, b], for instance, of the type:
Then the boundary condition on the function g(t), which is adjoint to the boundary condition (15), is
The initial value problem in terms of left-sided RiemannLiouville derivatives
and the initial value problem in terms of the right-sided Caputo derivatives
are adjoint initial value problems.
Fractional differential operator L * , defined by the fractional differential expression l * (g) and the boundary condition (16), is an adjoint fractional differential operator to the fractional differential operator L defined by the fractional differential expression l( f ) and the boundary condition (16).
From (14), which is an analog of the classical Langrange identity, and from boundary conditions (15) and (16) it follows that for fractional differential operators L and L * we have
or, using standard and well-known notation,
Using the relationship (26), we see that, under the conditions (15) and (16), the operator L is adjoint to L * :
ADJOINT FRACTIONAL DIFFERENTIAL EXPRES-SIONS WITH CONSTANT COEFFICIENTS
Now let us consider a general (N+1)-term linear fractional differential expression with left-sided Riemann-Liouville derivatives and with constant coefficients:
Assuming that k j − 1 < α j < k j and that functions f and g are good enough, and using the formula (12) we can obtain:
where the adojint differential expression appears:
and P(η, ξ) is a bilinear form with respect to the variables
ADJOINT BOUNDARY CONDITIONS
The generalized Lagrange identity (23) can be written as: where V 2k N ,V 2k N −1 , . . .,V 1 are linear forms of the variables g(a),  g (a), . . ., g (k N −1) (a), g(b), g (b) , . . . , g (k N −1) (b). It can be proved that the linear forms V 1 ,V 2 , . . .,V 2k N are linearly independent.
By analogy with the classical integer order case [8] , we will say that the boundary conditions (or any other equivalent boundary conditions)
are adjoint to the boundary conditions
ADJOINT FRACTIONAL DIFFERENTIAL OPERATORS
Fractional differential operator L * , defined by the fractional differential expression l * (g), equation (24) and the boundary condition (29), is an adjoint fractional differential operator to the fractional differential operator L defined by the fractional differential expression l( f ), equation (22), and the boundary condition (30).
INTEGRATION BY PARTS FOR OTHER TYPES OF FRACTIONAL DERIVATIVES
For right-sided Riemann-Liouville derivatives we have:
Note that in the left-hand side we see the right-sided RiemannLiouville derivative, and in the right-hand side there is the leftsided Caputo derivative.
For the left-sided Caputo derivative we have the following formula:
where in the right-hand side the right-sided Riemann-Liouville fractional derivative appears. For the right-sided Caputo derivatives we have:
with left-sided Riemann-Liouville derivatives appearing in the right-hand side.
The following relationship connects the Riesz fractional derivatives defined by (6) and the Riesz-Caputo fractional derivative defined by (7): 
CONCLUDING REMARKS
One can observe interesting dualities in presented formulas for integration by parts in case of fractional derivatives (Riemann-Liouville derivatives versus Caputo derivatives, leftsided derivatives versus right sided, and their combinations). The only case of self-adjoint fractional differential operator is the case of linear fractional differential operator with Riesz-Caputo fractional derivatives and zero boundary conditions.
